In this paper, we study the Laplace equation with a homogeneous boundary conditions on the two dimensional rectangle. The maximum and minimum principles for harmonic function are employed to show that the problem has only one solution.
Introduction
In mathematics [2] , Laplace's equation is a second-order partial differential equation named after Pierre-Simon Laplace who first studied its properties. Laplace equation dominates a collection of equilibrium physical phenomena such as temperature distribution in solids, electrostatics, inviscid and irrotational two-dimensional flow and groundwater flow. This is often written as Δϕ = 0 or ∇ 2 ϕ = 0 where = ∇ 2 is the Laplace operator and ϕ is a scalar function. Generally, = ∇ 2 is the Laplace-Beltrami or Laplace-de Rham operator. Laplace's equation and Poisson's equation are the simplest examples of elliptic partial differential equations. The general theory of solutions to Laplace's equation is acknowledged as potential theory. The solutions of Laplace's equation are the harmonic functions, which are significant in many fields of science, unusually the fields of electromagnetism, astronomy, and fluid dynamics, since they can be used to accurately express the conduct of electric, gravitational, and fluid potentials. In the study of heat conduction, the Laplace equation is the steady-state heat equation. Raj and Vasudevan [4] used Markov chains to solve Laplace equation in the region and is divided at equal distance with the help of boundary conditions. Handibag and Karande [3] studied Laplace substitution method for solving partial differential equations involving mixed partial derivatives. In this paper, we study the Laplace equation with an homogeneous boundary conditions on the two dimensional rectangle. The maximum and minimum principles for harmonic function are employed to show that the problem has only one solution.
Preliminaries
We firstly begin our study by giving out the harmonic function and maximum principle which can be used in this study.
Definition 2.1. [1] Let Υ denote an open set in R 3 . A real valued function u(x, y) on Υ with continuous second partials is said to be harmonic if and only if the Laplacian Δu = 0 identically on Υ. Note that the Laplacian Δu is defined by
Δu = ∂ 2 u ∂x 2 + ∂ 2 u ∂y 2 .(1)
Theorem 2.2. Maximum principle: [1] Let R be a connected bounded open set in either two or three dimensional space. Let either u(x, y) or u(x, y, z) be harmonic function in R that is continuous on R = R ∪ (bdy R). Then the maximum and the minimum values of u are attained on bdy R and nowhere inside(unless u = constant).
The maximum principle affirms that there are points Ψ M and Ψ m on bdy R such that
3 Main Result 
Proof. We separate variables by letting u(x, y) = ζ(x)η(y) where ζ(x), η(y)
do not depend on one another. Then, u xx = ζ (x)η(y), u yy = ζ(x)η (y). By substituting to the partial differential equation, we obtain
where λ defines quantity which is a positive constant. We impose the boundary condition on the separated solution. This implies that
with satisfying the boundary conditions, it yields
and subjected to the initial condition
In order to have nontrivial solutions, we must have
The eigenvalues are λ n = nπ; n = 1, 2, ..., and the corresponding eigenfunctions are determined by the boundary conditions that we enforce at the boundaries of our system which are ζ n (x) = sin(nπx); n = 1, 2, 3, .... The functions of y satisfy
The general solution to the ordinary differential equation is
By imposing the boundary conditions, we have η n (y) = b n sinh(nπy). Consequently,
From the linearity and homogeneity, it follows that any linear combination
c n sin(nπx) sinh(nπy) will satisfy the partial differential equation
and homogeneous boundary conditions such that
Therefore, we have c n sinh(nπ) =
.. where δ and α are constants. As a result, the solution to the problem is
We next will show that the solution we derived is the only one solution by the minimum and maximum principles. To see this, we let u = u(x, y) be a solution to u xx + u yy = 0 in a bounded open set R in the plane and let u be continuous on R = R ∪ ∂R. Then,
and min u(x, y)
The 
That is, ξ(x 0 , y 0 ) = 0 for all (x 0 , y 0 ) ∈ R. Therefore, we have u(x 0 , y 0 ) = φ(x 0 , y 0 ) for all (x 0 , y 0 ) ∈ R. So, the solution that we derived is a unique solution by a minimum and maximum principles for harmonic function.
